The recent proposals of experiments with single Andreev bound states make relevant a detailed analysis of these states in multi-terminal superconducting nanostructures. We evaluate the energy splitting of degenerate Andreev bound states, that overlap in a superconducting lead, and find that the splitting is reduced in comparison with their energy by a small factor RGQ, RGQ being the dimensionless resistance of the overlap region in the normal state. This permits quantum manipulation of the quasiparticles in these states. We provide a simple scheme of such manipulation.
∆ being the superconducting gap in the leads, φ 1,2 being the superconducting phases of the leads. ABS extend to the leads at distances of the order of the correlation length ξ 0 , this is much larger than the nanostructure size. ABS can be realized in semiconducting-nanowire-superconducting structures, the technology of those has advanced strongly owing to the applications in the field of Majorana bound states [10, [26] [27] [28] [29] , and can be characterized experimentally [27, 28] . There is much recent progress in multi-terminal devices [30] [31] [32] that has been partially inspired by theoretical predictions of Weyl points and quantized transconductance [33] .
Very recent experimental and theoretical developments concern so-called Andreev molecules in various layouts [34] [35] [36] . The term "molecule" refers to the situation where two single ABS have close energies, this enables their hybridization and formation of the superpositions. Refs. [34, 35] discuss ABS in quantum dots, where ABS overlap through the tunnel barrier separating the dots. An interesting alternative has been put forward in Ref. [36] . The proposed threeterminal setup encompasses two single-channel junctions that connect three superconducting leads, see Fig. 1 (a) . Two single ABS may overlap and hybridize in the middle lead. The overlap and the corresponding energy splitting must cease exponentially as exp (−L/ξ 0 ), provided the separation of the junctions L ξ 0 . The authors of Ref. [36] indicate that Andreev molecules have potential applications in quantum information, metrology, sensing, and molecular simulation.
In this Letter we have evaluated the energy splitting of overlapping ABS and have comprehended it as an interference effect similar to mesoscopic fluctuations of conductance [37] , which develops in the lead on the scale of ABS overlap that encompasses a large number of quantum channels. We have estimated the typical energy splitting δ D ∼ ∆/ √ N , N being the number of channels, that can be estimated as the inverse of the normal dimensionless resistance of the overlap region, N ≈ (RG Q ) −1 , G Q ≡ e 2 /(π ) being conductance quantum. Therefore δ D remains fine at the energy scale of ∆. This facilitates quantum manipulations, an example of which we give. We have derived concrete expressions for |δ D | 2 , relating it to semiclassical propagation of an electron between the junctions, and employed it for an experimentally relevant setup. Observation of energy splitting gives an interesting and unusual way to see and explore mesoscopic fluctuations.
FIG. 1. (a)
The "Andreev molecule" setup. Two ABS are formed in the two single-channel junctions, A and B, that are separated by L and connect three superconducting leads S1,2,3 with the same ∆. The ABS wave functions spread over the scale of ξ0, overlapping in S3. (b) The energy spectrum of ABSs versus ϕ3 (ϕ1 = π, ϕ2 = 3π/2, the junction transmission coefficients being TA = 0.95, TB = 0.98), manifests avoided crossings at the degeneracy points. We show that the energy splitting at the crossings is fine even for a significant overlap, δD ∝ ∆ RGQ, where R being normal resistance of the overlap region.
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Let us first describe the setup under consideration (Fig. 1 ) in general terms specifying the details later. The setup consists of three superconducting leads, connected by two singlechannel junctions, and there is an ABS formed in each junction. If one neglects their hybridization, their energies are
. We plot the energies in Fig. 1 (b) for φ 1 − φ 2 = π/2 and T A = 0.95, T B = 0.98; the degeneracy at E A = E B is avoided. The separation between the junctions is L λ F , λ F being the Fermi wave length. This implies that the electron transport in the region covered by the ABS wave functions, occurs in a big number of transport channels. The exact number depends on the geometry of the device, material and morphology of the leads, and the detailed characteristics of electron transport, that can be ballistic, diffusive, or intermediate between the two. At the level of an estimate, all these details can be incorporated into the effective resistance R of the region spanned by the ABS wave functions, so that N ∼ (RG Q ) −1 . The wave functions of the ABS overlap as shown in Fig. 1 (a) and hybridize. The hybridization is big near each avoided crossing and can be described with an off-diagonal matrix element δ D , which is a complex number.
Let us estimate the energy splitting 2|δ D | near an avoided crossing. The energies of the states are E A,B ∼ ∆. These states are formed by electrons coming in and out of a junction to/from the adjacent leads and returning as holes to the same junction. The electron wave function is distributed among N transport channels involved. The contributions of different channels to Andreev scattering amplitude come with the same sign and phase, this is precisely the reason for the energy of ABS not to depend on the details of the scattering in the leads. This implies that the contribution of each channel to the ABS energy can be estimated as ∆/N . As to δ D , it is determined by the electron and hole propagation from the junction A to the junction B. Since these points are distinct and separated by L λ F one expects the contributions of different channels to come with the different and generally random complex amplitudes. These random amplitudes may be related to mesoscopic fluctuations of electron propagation between the junctions A and B. Averaging over these random amplitudes leads to vanishing δ D = 0. The average |δ D | 2 is contributed by independent contributions of N channels and therefore the energy splitting can be estimated as
The junctions between the superconducting leads may have various characteristics, such as disorder, shape, material. It is known however [38] that the only characteristic relevant for ABS is the transmission of these junctions. Therefore we are free to choose any microscopic model so we opt for a convenient resonant impurity model [39, 40] , that involves a localized state of energy E imp with the tunnel couplings t and t to the leads. We label with A and B these characteristics in the corresponding junctions, see Fig. 1 (a) . The width of the resonant level is given by Γ = 2πν(|t| 2 + |t | 2 ), ν being the density of states assumed equal in all leads. To model weak energy dependence of the scattering we set Γ ∆, so the transmission coefficient of the junction A is
and similar for the junction B.
To find the ABS energies we derive a Dyson equation for the Green's function G ij (E) defined at the resonant impurities i, j = {A, B}:
, where the blocks are the matrices in the Nambu space G 0 AA,BB = (E − E imp,A,B σ z ) −1 , and the self-energy part Σ describes the tunneling. The diagonal blocks are
, and G(r, r ) is a superconducting Green's function in the corresponding leads upon neglecting the tunneling, Σ BB is similar. The Green's function in close points does not depend on the details of the scattering in the lead, this is a consequence of Anderson's theorem [24] . The nondiagonal blocks Σ AB and
We see that the diagonal blocks contain Green's functions in coinciding points, while non-diagonal ones contain Green's functions in two points separated by L λ F . Since Green's functions are associated with propagation amplitudes
Σ AA , Σ BB , and can be handled by means of the degenerate perturbation theory. This already implies |δ D | ∆.
The energies of ABS correspond to the poles of G(E) [41] , so we need to find zero eigenvalues of G −1 (E). We find zero eigenvalues in each diagonal block and project G −1 (E) onto the corresponding eigenvectors |A and |B . We work near the crossing point E 0 where the unperturbed ABS energies are almost degenerate E A ≈ E B ≈ E 0 . Expanding up to linear order near the crossing point and transforming G −1 (E) we find that ABS energies are obtained from the effective Hamiltonian describing the level repulsion,
, where
The Green's function G(r A , r B ) changes much on a scale of λ F upon changing the position of r B . This is the origin of mesoscopic fluctuations in electron transport [42] . The components of G(r A , r B ) can be regarded as random values with zero averages. The informative quantities are the products of these components averaged over r B at the scale exceeding λ F . These averaged products can be expressed with a normalstate quasiclassical propagator [43] P(r A , r B , t), that gives the probability to find an electron at r B at the time moment t provided it was at r A at t = 0 (Greek letters denote Nambu 
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Let us reproduce the main estimation of the Letter, 
Let us specify the concrete setup. It comprises the semiconducting nanowire covered by three superconducting leads, see Fig. 2 (a) ; such devices have been recently fabricated [45] . The middle lead is a film of thickness d and width L. If L ξ 0 , the ABS wave functions overlap strongly. We assume diffusive transport in the lead, which is characterized by the resistance per square R . We also assume that the interface between the nanowire and the metal is sufficiently transparent, so that the electrons escape the nanowire to metal at the distances ξ 0 .
The semiclassical propagator in the film obeys diffusion
This diffusion equation is subject to boundary conditions of zero probability flow across all boundaries. One satisfies these boundary conditions introducing infinite number of imaginary sources, spaced with 2L. The propagator we obtain is
With this we compute |δ D | 2 using Eqs. 2 and 3 to obtain
with R eff being the effective resistance of the part of the lead covered by ABS wave functions, the dimensionless F (z) = 4z/π ∞ n=0 K 0 ((2n + 1)z), K 0 being modified Bessel function of the second kind, F (0) = 1, incorporates information of the decay of ABS wave functions at the scale of ξ(E)
, that is the energydependent correlation length. The prefactor M 1 incorporates information about transmissions of the junctions
, where χ A and χ B are the phases of the eigenvectors |A and |B , respectively, with
) and analogously for χ B . Here, ϕ 1 and ϕ 2 denote phase differences with respect to ϕ 3 and we set E imp,A,B = 0. M → 1, in the limit E 0 → 0, this requires T A,B → 1. Thus in the limiting cases we have
We plot the normalized energy splitting
For the experimentally relevant parameters ∆ = 200 µeV, ξ 0 = 96 nm [27] , R = 1.43 Ω [46] , L = 50 nm, T A = T B = 1, we find the crossing point at ϕ 2 = 2.36, ϕ 1 = 3.93, and E 0 = 76.54 µeV, and obtain the splitting 2|δ D | = 11.26 µeV. The value for |δ D | ∆/40 even though R G Q ≈ 10 −4 , which seems to be small.
The separation of scales between δ D and ∆ permits interesting quantum manipulation schemes for involved states. Let us describe the simplest one: quasiparticle swap between A and B. Let us take a point in parametric space of ϕ 1,2,3 , where the ABS energies are well-split (for instance, ϕ 3 = 0 in Fig. 1 (b) ) and put a quasiparticle to the state A. We pass the avoided crossing slowly to avoid Landau-Zener tunneling in this point (for instance, changing ϕ 3 from 0 to π/2), this brings the quasiparticle to B. If we get back to the initial point very quickly, the quasiparticle will remain in B, this completes the manipulation protocol. The same swap occurs if the quasiparticle is in B initially.
There is an interesting case, when both junctions have almost ideal transmission T A,B = 1 − R A,B , R A,B 1, and ϕ 1,2 = π + δϕ 1,2 , δϕ 1,2
1. In this case the crossing occurs at E 0 ∆, which can also be comparable with |δ D |. The perturbation theory does not work here, but we can describe the situation with the following 4 × 4 effective Hamiltonian:
where
The terms f and g come from Σ AB,BA , f
In the limit R A,B = 0 the ABS energies are given by
whereδ = f 2 + g 2 , δϕ 1,2 = Φ/2 ± δϕ/2. Interestingly, if |Φ| < 2δ the energies never cross zero, while there are two symmetric zero-energy crossings if |Φ| > 2δ, Fig. 3 (a) , (b). In this approximation two ABS energies are precisely degenerate at Φ = 0, this degeneracy is lifted upon increasing energy. At finite R A,B the zero-energy crossings are avoided, Fig. 3 (c) , (d).
Before we conclude let us mention that the fact that the energy splitting is fine makes relevant a set of topics to research that we list here. For semiconducting nanowires the electron escape length can be L, this confines the overlap region to the nanowire and greatly enhance δ D . The spin-orbit splitting [47] of ABS that is usually negligible can become relevant for small δ D . Many-body effects shall provide small energy differences for doublet and singlet quasiparticle states in ABS [23] . Interestingly, the hybridization of degenerate singlet states in the setup under investigation can also occur without direct overlap of ABS wave functions, that is at L ξ 0 . To conclude, we have investigated the energy splitting of overlapping ABS in "Andreev molecule" setup and have found it small in comparison with ∆, since it is related to mesoscopic fluctuations. This opens up possibilities for quantum manipulation and application as mentioned in Ref. [36] . The smallness of the energy splitting makes relevant the research of a variety of fine and non-trivial effects on ABS spectrum.
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